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Proof Sketch



Borel-Serre

Borel-Serre (1973): For any Γ ≤f.i. SLn(Z),

H(
n
2)−k(Γ;Q) ∼= Hk ( Γ ; Stn︸︷︷︸

Steinberg module

).
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Hk(Γ;Q) = 0 ∀k >

(
n

2

)
︸︷︷︸

Top-degree

.

Goal

H(
n
2)(Γ0,n(p);Q)

B−S∼= H0(Γ0,n(p); Stn)
def
= (Stn)Γ0,n(p) ,

where G ↷ M, MG := M
/
⟨g ·m −m | g ∈ G , m ∈ M⟩.
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Steinberg Module

Definition

The Tits building Tn is a simplicial complex where

vertices: 0 ⊊ V ⊊ Qn,

k-simplices: 0 ⊊ V0 ⊊ · · · ⊊ Vk ⊊ Qn.

Remark: Tn comes from a poset.

Solomon-Tits (1969): Tn is homotopy equivalent to
∨
Sn−2.

Definition

The Steinberg module Stn := H̃n−2(Tn;Q).

SLn(Z) ↷ Tn ⇝ SLn(Z) ↷ Stn .
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Definition:

The order complex corresponding to the poset Tn/Γ0,n(p) is:
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Red Vertex ↔ subspace doesn’t contain the
basis vector e1 mod p

Blue Vertex ↔ subspace does contain the basis
vector e1 mod p

Edges indicate containment



Definition:

The order complex corresponding to the poset Tn/Γ0,n(p) is:

•n − 1

•n − 2

•
...

•2

•1

•

•

•
...

•

•

Red Vertex ↔ subspace doesn’t contain the
basis vector e1 mod p

Blue Vertex ↔ subspace does contain the basis
vector e1 mod p

Edges indicate containment



Proposition [A.]

Tn/Γ0,n(p) is contractible when n ≥ 3, and a discrete set of 2
points if n = 2. In particular:

H̃n−2(Tn/Γ0,n(p);Q) =

{
0 n ≥ 3,

Q n = 2

Question:

When is Ψ: (Stn)Γ0,n(p) → H̃n−2(Tn/Γ0,n(p);Q) an isomorphism?
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Question:

When is Ψ: (Stn)Γ0,n(p) → H̃n−2(Tn/Γ0,n(p);Q) an isomorphism?

Main Theorem reformulated

The map Ψ is an isomorphism if p ∈ {2, 3, 5, 7, 13} or
p ≤ 6n − 14

Ψ is not an isomorphism if n ∈ {2, 3} and p ̸∈ {2, 3, 5, 7, 13}

When n = 2, the rank of H1(Γ0,2(p);Q) is fully determined by the
class of p mod 12
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